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We investigate the phase space dynamics of a bulk viscosity model in the Eckart approach for a
spatially flat Friedmann-Robertson-Walker universe. We have included two barotropic fluids and a
dark energy component. One of the barotropic fluids is treated as an imperfect fluid having bulk
viscosity, whereas the other components are assumed to behave as perfect fluids. Both barotropic
fluids are identified as either radiation or dark matter. Considering that the bulk viscosity acts on
either radiation or dark matter, we find that viscous phantom solutions with stable behavior are
not allowed in the framework of complete cosmological dynamics. Only an almost zero value of the
bulk viscosity allows a transition from a radiation-dominated to a matter-dominated epoch, which
then evolves to an accelerated late time expansion, dominated by dark energy.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x, 98.80.Jk
I. INTRODUCTION
Observational evidence indicates that the present ac-
celeration of the Universe may be successfully explained
by a cosmic fluid with negative pressure, a concept which
has been baptized dark energy. This exotic component
contributes about 68% [1] of the total energy of the
Universe. Evidence for dark energy is provided by sev-
eral complementary probes such as the high redshift sur-
veys of supernovae [2], the cosmic microwave background
(CMB) [1, 3, 4], and the integrated Sachs-Wolfe effect
[5, 6].
Dark energy is considered a fluid characterized by a
negative pressure and is usually represented by the equa-
tion of state w ≈ −1.1 This is confirmed by the lat-
est Planck results [1], which give w = −1.13+0.24−0.25 and
w = −1.09 ± 0.17 (2σ C.L.) by using CMB data2 com-
bined with BAO [9–13] and Union2.1 [14] data, respec-
tively, for a constant w model. However, when the same
CMB data are combined with SNLS compilation3 [15]
and the Hubble constant H0 [16], the equation of state
(EOS) for this dark component are w = −1.13+0.13−0.14 and
w = −1.24+0.18−0.19 (2σ C.L.), respectively.
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1 w = p/ρ, where p and ρ are the pressure and energy density of
the fluid.
2 These CMB data are referred to as the combination of the
WMAP polarization low multipole likelihood [7] + Planck tem-
perature power spectrum [8].
3 A sample of 473 type Ia supernovae.
The phantom behavior, derived from dynamical scalar
fields, has been studied in [17, 18]. In [17], the free pa-
rameters of phantom scalar field models with power law
and exponential potentials were constrained using data
compiled from CMB [3], BAO [9, 19], and Union2.1 [14].
These results, when considered together with those ob-
tained in a similar analysis for quintessence models [20],
and using the goodness of fit and information criteria,
allowed the authors to conclude that the cosmological
constant is more preferable, from the statistical point of
view, than phantom and quintessence models, although
the phantom dark energy model is slightly better at fit-
ting the observational data than the quintessence. How-
ever, in [18], the best-fit values of the parameters for
dark energy models, in which the phantom scalar field
initially mimics a cosmological constant term to finally
and slowly evolve toward the big bip singularity, are
determined jointly with all other cosmological parame-
ters by the Markov chain Monte Carlo method [21] us-
ing observational data on cosmic microwave background
anisotropies and polarization [22, 23], Ia type supernovae
[24–26], BAO [9, 14], big bang nucleosynthesis [27, 28],
and Hubble constant measurements from HST [29]. Sim-
ilar computations have been carried out for ΛCDM and
quintessence scalar field models of dark energy [18]. It
has been shown that the current data slightly prefer the
phantom model, but the differences in the maximum like-
lihoods are not statistically significant. As such, the pos-
sibility of phantom behavior for the dark energy fluid
cannot be discarded.
Furthermore, an important result, and prior to the
discovery of the present speed-up of the Universe, was
the fact that a dissipative mechanism like bulk viscosity
may give rise to an accelerated evolution of the Universe
[30–37]. At the same time, bulk viscosity provides the
2only dissipative mechanism consistent, in a homogeneous
and isotropic background, with the cosmological princi-
ple. Thus, it has been proposed as one of the possible
ways to induce an accelerated phase in the evolution of
the Universe, namely, early time inflation [38–41] or the
present accelerated period [42–51].
In a Friedmann-Robertson-Walker (FRW) universe,
the inclusion of bulk viscosity allows the possibility of vi-
olating the dominant energy condition [31, 52] and hence
phantom solutions. In the Eckart approach [53], bulk
viscosity introduces dissipation by only redefining the ef-
fective pressure of the cosmic fluid, namely,
P
eff
= p+Π = p− 3ζH, (1)
where p is the kinetic pressure of the cosmic fluid, Π is
the bulk viscous pressure, H is the Hubble parameter,
and the bulk viscosity coefficient, ζ, satisfies4
ζ ≥ 0, ; (2)
this latter requirement guarantees nonviolation of the lo-
cal second law of thermodynamics (LSLT) [55, 56].
Since the equation of energy balance states that
ρ˙+ 3H(ρ+ p+Π) = 0, (3)
the violation of dominant energy condition, i.e., ρ+ p+
Π < 0, implies an increasing energy density of the fluid
that fills the Universe.
Phantom behavior due to the presence of a bulk vis-
cosity has been investigated in many cosmological con-
texts: in [42], a big rip singularity solution was obtained;
the full causal Israel-Stewart-Hiscock framework theory
[57] assumed a late time universe filled with only one
barotropic fluid. Furthermore, the late time evolution of
a Chaplygin gas model with bulk viscosity, in a causal
and truncated version of the Israel-Stewart formalism
and in the Eckart approach, was studied in [58]. In both
frameworks, the authors found new types of future sin-
gularities. However, a viable phantom solution was de-
rived only in the truncated approach. In the context of
the Eckart approach, the following investigations have
been addressed: big rip singularities for various forms of
w = w(ρ) and the bulk viscosity ζ = ζ(ρ) [59]; little rip
cosmologies [60, 61]; phantom crossing in modified grav-
ity [43, 62]; and unified dark fluid cosmologies [63–67].
In addition, the conditions for the physical viability of a
cosmological model in which dark matter has bulk vis-
cosity and also interacts with dark energy were discussed
in [51]. In this case, the model took into account radia-
tion, baryons, dark matter and dark energy and consid-
ered a general interaction term between the dark compo-
nents. In relation to the viscosity, the authors assumed
4 For a fluid on a FRW geometry, the local entropy production
is defined as T∇µsµ = 9H2ζ [54], where ∇µsµ is the rate of
entropy production in a unit volume and T is the temperature
of the fluid. Since the second law of thermodynamics provides
that ∇µsµ ≥ 0, then for an expanding Universe (H > 0) ζ ≥ 0.
the ansatz ζ ∝ ζ0H , where H is the Hubble parameter
and ζ0 a positive constant. Joint analysis of the phase
space of the model and the observational test shows that
(a) complete cosmological dynamics requires either null
or negative bulk viscosity; (b) observations consistently
point to a negative value of the bulk viscous coefficient;
(c) the phantom nature of dark energy (wde < −1) was
consistently suggested by the cosmological observations.
The first two results found in [51] rule out any viscous
model with the ansatz ζ ∝ ζ0H , despite the latter result
being in line with recent observations [1].
More recently, a deep discussion concerning degeneracy
in bulk viscosity models when ζ ≡ ζ(H) was presented in
[50]. 5 In addition, the cases where ζi of some fluid i (e.g.
radiation or dark matter) depends on its own energy den-
sity ζi ≡ ζi(ρi) were discussed. The existence of phantom
solutions for this latter Ansatz was studied using multi-
ple observational tests. However, as a consequence of the
degeneracy criterion used, it was not possible to obtain,
in the observational analysis performed by the authors,
the best-fit values/signs of parameters of the proposed
viscosity models,6 namely eg. the coefficient of the bulk
viscosity.
In the present work we are interested in studying the
phase space of the models proposed in [50]. Our main
goal is to explore if the presence of a phantom solution
is compatible with the so-called complete cosmological
dynamics [51, 68]. According to this framework, at early
enough times, all physically viable models must allow
the existence of radiation- and matter-dominated peri-
ods previous to the present accelerated expansion of the
Universe. The phantom solution is obtained by adding
bulk viscosity (as a new extra imperfect pressure) to ei-
ther radiation or pressureless matter [50].
The organization of the paper is as follows: in Sec. II
we present the field equations for a flat FRW universe
filled with two barotropic fluids and dark energy obeying
a barotropic EOS. We assume that one of the barotropic
fluids presents bulk viscosity, and the effective pressure is
treated within the framework of the Eckart theory [53].
The bulk viscous coefficient is taken to be proportional to
the square root of the energy density of fluid taken with
an imperfect pressure. In Sec. III, we analyze the evo-
lution equations from the perspective of dynamical sys-
tems. We studied two models by matching the barotropic
fluids with radiation and dark matter. A detailed scheme
of the critical points and their conditions upon the pa-
rameters of the model is shown. Finally, Sec. IV is de-
voted to conclusions.
5 The model discussed in [51] is an specific case of ζ ≡ ζ(H).
6 Constraints on the dark matter viscosity can be found in [48] for
two models: a) a constant ζ, and b) ζ ∝ ζ0/√ρm.
3II. THE MODEL
We study a cosmological model in a spatially flat
FRW metric, in which the matter components are two
barotropic fluids and dark energy (DE). One of the
barotropic fluids and the DE are assumed as perfect flu-
ids, whereas the remaining fluid is treated as an imperfect
fluid having bulk viscosity.
The Friedmann constraint and the conservation equa-
tions for the matter fluids can be written as
H2 =
8piG
3
(ρ1 + ρ2 + ρde) , (4a)
ρ˙1 = −3γ1Hρ1 + 9H2ζ , (4b)
ρ˙2 = −3γ2Hρ2 , (4c)
ρ˙de = −3Hγdeρde, (4d)
where G is the Newton gravitational constant; H the
Hubble parameter; (ρ1, ρ2, ρde) are the energy densi-
ties of barotropic and DE fluid components, respectively;
and γde is the barotropic index of the equation of state
(EOS) of DE, which is defined from the relationship
pde = (γde − 1)ρde, where pde is the pressure of DE. The
term 9H2ζ in Eq. (4b) corresponds to the bulk viscous
pressure of the first barotropic fluid, with ζ the bulk vis-
cous coefficient. The nature of the barotropic fluids and
the evolution of the model are determined once the value
of barotropic indices (γ1, γ2) are set; eg., γ = 1 corre-
sponds to pressureless matter (dark matter) and γ = 4/3
represents radiation.
We take the bulk viscous coefficient ζ to be propor-
tional to the energy density of the first barotropic fluid
in the form
ζ = ζ0
(
ρ1
ρ10
)α
, (5)
where ζ0 and α are dimensionless constants and ρ10 is
the present day value of the energy density of the first
barotropic fluid. The choices α = 0 and α = −1/2 have
been studied in the literature [47–49]. Both values al-
low for the reduction of the problems of the integrated
Sachs-Wolfe effect for viscous UDM7 models [47]. How-
ever, from a dynamical system point of view, it is pos-
sible to study the dynamics of the field equations (4)
and (6) for arbitrary values of α. It is possible to cover
the whole α parameter space with two cases, namely,
α = 1/2 and α 6= 1/2. The first choice leads to the
simplest mathematical problem with a two-dimensional
phase space (see Sec. III ), while for α 6= 1/2 we obtain a
more complex three-dimensional dynamical system. For
mathematical simplicity, henceforth we will only study
the case α = 1/2. 8 Finally, the Raychaudhuri equation
of the model is
H˙ = −4piG (γ1ρ1 + γ2ρ2 + γdeρde − 3Hζ) . (6)
7 Unified dark matter models; see [48] and references therein.
8 We will address the case α 6= 1/2 in a forthcoming paper.
III. THE DYNAMICAL SYSTEM
PERSPECTIVE
In order to study all possible cosmological scenarios of
the model, we proceed to a dynamical system analysis of
Eqs. (4) and (6). Let us first define the set of dimension-
less variables
x = Ωde ≡ 8piG
3H2
ρde , y = Ω1 ≡ 8piG
3H2
ρ1. (7a)
Then, the equations of motion can be written in the fol-
lowing, equivalent, form:
dx
dN
= x (3y (γ1 − γ2)− 3(−1 + x) (γ2 − γde))−
x
√
yξ, (8a)
dy
dN
= 3y ((−1 + y) (γ1 − γ2)− x (γ2 − γde))−
(−1 + y)√yξ, (8b)
where the derivatives are with respect to the e-folding
number N ≡ ln a and
ξ =
24piG
H0Ω
1
2
10
ζ0, (9)
where the condition (2) implies [see Eq. (5)]
ξ ≥ 0. (10)
In term of the new variables, the Friedmann con-
straint (4a) can be written as:
Ω2 =
8piG
3H2
ρ2 = 1− x− y , (11)
and then we can choose (x, y) as the only independent
dynamical variables.
Taking into account that 0 ≤ Ω2 ≤ 1,9 and impos-
ing the conditions that both the barotropic fluids and
DE components be positive, definite, and bounded at all
times, we can define the phase space of Eqs. (8) as
Ψ = {(x, y) : 0 ≤ 1− x− y ≤ 1, 0 ≤ x ≤ 1 ,
0 ≤ y ≤ 1} . (12)
Other cosmological parameters of interest are the total
effective EOS, weff , and the deceleration parameter, q =
−(1 + H˙/H2), which can be written, respectively, as
weff = −1−
√
yξ
3
+ y (γ1 − γ2) + γ2 −
x (γ2 − γde) , (13a)
q =
1
2
(−2−√yξ + 3y (γ1 − γ2) + 3γ2 −
3x (γ2 − γde)) . (13b)
9 Recall that, once we set the values of γ1 and γ2 we will able to
identify Ω1 and Ω2 with the dimensionless density parameters of
radiation and dark matter , if we set γ1 = 4/3 and γ2 = 1, and
vice versa, if we set γ1 = 1 and γ2 = 4/3.
4A. The case with γ1 = 1 (dark matter) and γ2 = 4/3
(radiation)
This case corresponds to a scenario where dark matter
(DM) is treated as an imperfect fluid having bulk viscos-
ity with a null hydrodynamical pressure. At the same
time, it is clear from the definition of the dimensionless
variables that x = Ωde, y = Ω1 = Ωm and Ω2 = Ωr.
The full set of critical points of the autonomous system
(8a)-(8b), the existence conditions, and the stability con-
ditions for γ1 = 1 and γ2 = 4/3 are summarized in Table
I. The eigenvalues of the linear perturbation matrix asso-
ciated to each of the critical points and some important
physical parameters are given in Table II.
1. Critical points and stability
Critical point P1 corresponds to a pure radiation-
domination era, Ωr = 1, and always exists indepen-
dently of the value/sign of the viscosity parameter ξ.
It also represents a decelerating expansion solution with
weff = 1/3 and q = 1. The stability of this critical point
is the following:
• Unstable if γde < 1 and ξ ≥ 0.
P2 is a critical point dominated by the pressureless
matter component, Ωm = 1, and always exists. This
critical point exhibits two different stability behaviors,
namely,
• Stable if γde < 1 and ξ > 3− 3γde,
• Saddle if γde < 1 and 0 ≤ ξ < 3− 3γde.
From Table II, we notice that if ξ2 ≪ 1, there is a
point that corresponds to a standard matter-domination
period (weff = 0). An interesting fact of P2 is the value
of EOS parameter weff = −ξ/3. In the stable region
(γde < 1 and ξ > 3− 3γde), this critical point represents
an accelerating phantom solution with weff < −1 if
ξ > 3 and
3− ξ
3
< γde < 1.
Despite this result being in correspondence with those
observations that tend to mildly favor a present day value
of weff in the phantom region, it will be shown in the
next subsection that it is not possible to associate this
behavior with a realistic late time solution.
P3 corresponds to a scaling solution between pressure-
less matter and dark energy and exists when
γde < 1 and 0 ≤ ξ ≤ 3(1− γde).
It represents an accelerated solution (q < 0) if
γde <
2
3
, (14)
and shows a stable behavior given that
• γde < 1 and 0 < ξ < 3− 3γde.
In the particular case where ξ ≪ 1, a strictly dark energy
domination is recovered (x = Ωde = 1).
Finally, critical point P4 represents a pure dark-energy-
dominated solution (Ωde = 1) and always exists. The
stability of P4 is the following,
• Stable if γde < 1 and ξ = 0,
• Saddle if γde < 1 and ξ > 0.
For a dark energy fluid with γde < 1 and ξ > 0, this
critical point is always an accelerated solution with a
saddle behavior (see Table II for further details).
2. Cosmology evolution from critical points
According to the complete cosmological dynamics
paradigm (see [51, 68] for recent discussion about this
topic), our model should describe (a) a radiation-
dominated era at early times (RDE), (b) a matter-
domination era (MDE) at intermediate stages of the evo-
lution, and finally, (c) the present stage of accelerated ex-
pansion of the Universe. The required dominance stages
can be translated into critical points, and the desired
transitions between them into the heteroclinic orbits that
connect two critical points [69, 70].
According to the complete cosmological dynamics ba-
sis, one of the critical points of the model should corre-
spond to a RDE, and this point should be unstable in na-
ture. The unstable behavior of this critical point ensures
that it can be the source of any orbits in the phase space.
The only candidate in our model is the critical point P1.
In fact, P1 satisfies the condition for pure radiation dom-
inance (Ωr = 1) and always exists. Its unstable nature,
for all realistic dark energy fluids (γde < 1), is clear in
the previous section.
As we mentioned before, the Universe requires the ex-
istence of a matter-dominated era in order to explain the
formation of the cosmic structure. This MDE is recov-
ered by a P2 (Ωm = 1), which always exists. However,
as Table II shows, we cannot recover a standard pres-
sureless matter-dominated picture (weff = 0, q = 1/2)
unless ξ = 0 10. For a non-null value of ξ, P2 represents
a decelerating solution if 0 < ξ < 1 (q > 0) or an acceler-
ating expansion solution if ξ > 1 (q < 0); see Table II for
further details. In both regions where ξ 6= 0, the presence
of bulk viscosity leads to an undesirable expansion rate
of the Universe and makes it impossible to associate this
critical point with a realistic MDE.
An interesting characteristic of P2 is that, for certain
regions in the parameter space (ξ, γde), it represents not
only an accelerated solution but also a phantom one. As
10 Recall that the second law of thermodynamics requires a non-
negative value of ξ; see (10).
5TABLE I. Location, existence conditions according to the physical phase space (12), and stability of the critical points of the
autonomous system (8a)-(8b) for γ1 = 1 and γ2 = 4/3. The eigenvalues of the linear perturbation matrix associated to each of
the following critical points are displayed in Table II.
Pi x y Existence Stability
P1 0 0 Always Unstable if γde < 1 and ξ ≥ 0
P2 0 1 Always Stable if γde < 1 and ξ > 3− 3γde
Saddle if γde < 1 and 0 ≤ ξ < 3− 3γde
P3 1−
ξ2
9(−1+γde)
2
ξ2
9(−1+γde)
2 γde < 1 and 0 ≤ ξ ≤ 3(1− γde) Stable if γde < 1 and 0 < ξ < 3− 3γde
P4 1 0 Always Stable if γde < 1 and ξ = 0
Saddle if γde < 1and ξ > 0
TABLE II. Eigenvalues and some basic physical parameters for the critical points listed in Table I, see also Eqs. (7) and (13).
Pi λ1 λ2 Ωr weff q
P1 4− 3γde sgn(ξ)∞ 1
1
3
1
P2 −1− ξ 3− 3γde − ξ 0 −
ξ
3
1
2
−
ξ
2
P3 −4 + 3γde
1
6
(
−9− ξ
2
−1+γde
+ 9γde
)
0 −1 + γde −1 +
3γde
2
P4 −4 + 3γde sgn(ξ)∞ 0 −1 + γde −1 +
3γde
2
Table II shows, the presence of this phantom solution
(weff = −ξ/3 < −1) in P2 depends solely on the value
of the viscosity parameter ξ and not on the nature of
the dark energy component. 11 However, as Table I
and Table II show, its stability behavior depends on the
value of the barotropic index. 12 This stable and vis-
cous phantom behavior of P2 could be important time
behavior of the Universe and, at the same time, could be
in line with those cosmological observations that moder-
ately favor the present date EOS parameter value in the
phantom region weff < −1. However, it is not possible
to select initial conditions that connect the RDE (P1)
to the phantom attractor solution (P2) through a true
MDE. As we mentioned before, only P2 (with ξ = 0)
could play this role. Furthermore, the conditions for the
existence and stability of the viscous phantom solution
restrict the autonomous system (8a)-(8b) to three crit-
ical points, namely P1, P2 and P4, and none of them
corresponds to a true MDE. In addition, another strong
argument against the existence of this viscous phantom
solution represented by P2 comes from structure forma-
tion. The existence of dark energy and ξ > 3 do not
lead to the correct growth of galaxies, as was shown in
[48, 49]. Thus, it is not possible to associate this viscous
phantom behavior in P2 with a realistic late time solu-
tion. Figure 1 shows some example orbits in the plane
(x, y) to illustrate this situation.
Another feature of the model is the presence of two
more accelerated solutions, described by critical points
11 For P2 the value of the effective EOS parameter, weff = −ξ/3,
is insensitive of the barotropic index of dark energy (γde).
12 Recall that the viscous phantom solution of P2 exists and is
stable if: ξ > 3 and (3− ξ)/3 < γde < 1.
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Ω
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P4
FIG. 1. Vector field in the plane (x, y) for the autonomous
system (8a)-(8b). The free parameters have been chosen to be
(ξ, γde)=(3.01, 0.01). In this case, the dark-matter-dominated
solution, P2, is the late time attractor of the system, repre-
senting a viscous phantom solution (weff = −1.003). This
latter solution restricts the critical points of the system to
three and none of them corresponds to a true MDE.
P3 and P4. P3 is a scaling solution between dark mat-
ter and dark energy and can be an attractor for γde < 1
and 0 < ξ < 3 − 3γde whereas P4 is always a saddle so-
lution for all realistic dark energy with ξ > 0. As Fig.
2 shows, the existence of an attractor phantom solution
in P3 depends on the dark energy component; in other
words, it is only possible to obtain attractor phantom so-
lutions if the phantom dark energy component, wde < −1
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FIG. 2. The accelerated and stable region for critical point
P3 in terms of the parameters (ξ, γde) is represented by re-
gion I . Region II represents the zone for which the phantom
solution exists and is stable. The lower region, labeled III ,
is forbidden by the LSLT (ξ < 0).
(γde < 0), is present. A favorable scheme would be one
in which the initial conditions allow for complete cosmo-
logical dynamics, eg., P1 =⇒ P2 =⇒ P4. In terms of the
cosmological evolution of the Universe, the above favor-
able scenario implies that the Universe started at early
times from a RDE, then evolved into a MDE, to enter
in the final phase of accelerated expansion. Recall that
in this favorable scenario, it is necessary to select a suffi-
ciently small value for the bulk viscosity ξ ≪ 1 in order
to recover a true MDE (P2) and that is not possible to
obtain a realistic phantom solution. It is important to
emphasize that this finding on the allowed values of ξ
corroborates the previous results of [48, 49] for the cases
of α = 0 and α = −1/2. Figure 3 shows some example
orbits in the plane (x, y) to illustrate the above situation.
B. The case with γ1 = 4/3 (radiation) and γ2 = 1
(DM)
This case corresponds to a scenario where radiation is
treated as an imperfect fluid having bulk viscosity. At the
same time, it is clear from the definition of the dimension-
less variables that x = Ωde, y = Ω1 = Ωr and Ω2 = Ωm.
The full set of critical points of the autonomous system
(8a)-(8b), and the existence conditions and the stability
conditions for γ1 = 4/3 and γ2 = 1 are summarized in
Table III. The eigenvalues of the linear perturbation ma-
trix associated to each of the critical points and some
important physical parameters are given in Table IV.
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FIG. 3. Vector field in the plane (x, y) for the autonomous
system (8a)-(8b). The free parameters have been chosen to be
(ξ, γde)=(0.01, 0.01). In this case, the DM-DE scaling solu-
tion, P3, is the late time attractor of the system, representing
an accelerated solution. The transition from the RDE (P1) to
P3 allow us to select appropriate initial conditions to recover
a true MDE (P2) with weff ≃ 0 and q ≃ 1/2.
1. Critical points and stability
Critical point P1 corresponds to a radiation-dominated
era (Ωr = 1). The stability of this critical point is the
following:
• Unstable if γde < 1 and 0 ≤ ξ < 1,
• Saddle if γde < 1 and 1 < ξ < 4− 3γde,
• Stable if γde < 1 and ξ > 4− 3γde.
As expected, a background level at this point represents
a true decelerating RDE if ξ ≪ 1 (weff ≈ 13 and q ≈ 1).
If this condition is satisfied, P1 behaves as an unstable
solution. However, P1 also mimics, at background level,
dark matter (weff = 0) and phantom fluids (weff < −1)
if the bulk viscosity is ξ = 1 and ξ > 4, respectively.
If the phantom solution exists, then P1 will behave as a
stable late time solution of the autonomous system (8a)-
(8b). We will discuss in more details the cosmological
implications of this critical point in the next subsection.
Hyperbolic critical point P2 corresponds to a scaling
solution between radiation and dark matter and exists if
0 < ξ < 1, being a decelerated solution q = 1/2. From
a stability point of view, this critical point always has a
saddle behavior demanding that
• γde < 1 and 0 < ξ < 1.
At the limit, when ξ ≪ 1, this point recovers a true DME
(Ωm = 1).
7TABLE III. Location, existence conditions according to the physical phase space (12), and stability of the critical points of the
autonomous system (8a)-(8b) for γ1 = 4/3 and γ2 = 1. The eigenvalues of the linear perturbation matrix associated to each of
the following critical points are displayed in Table IV.
Pi x y Existence Stability
P1 0 1 Always Stable if γde < 1 and ξ > 4− 3γde
Unstable if γde < 1 and 0 ≤ ξ < 1
Saddle if γde < 1 and 1 < ξ < 4− 3γde
P2 0 ξ
2 0 < ξ < 1 Saddle if γde < 1 and 0 < ξ < 1
P3 0 0 Always Unstable if γde < 1 and ξ > 0
Saddle if γde < 1 and ξ = 0
P4 1−
ξ2
(4−3γde)
2
ξ2
(4−3γde)
2 γde < 1 and 0 < ξ ≤ 4− 3γde Stable if γde < 1 and 0 < ξ < 4− 3γde
P5 1 0 Always Stable if γde < 1 and ξ = 0
Saddle if γde < 1and ξ > 0
TABLE IV. Eigenvalues and some basic physical parameters for the critical points listed in Table III; see also Eqs. (7) and (13).
We have used the definition A = Abs
[
8 + ξ2 + 9 (−2 + γde) γde
]
.
Pi λ1 λ2 Ωm weff q
P1 1− ξ 4− ξ − 3γde 0
1
3
−
ξ
3
1− ξ
2
P2
1
2
(
−1 + ξ2
)
3− 3γde 1− ξ
2 0 1
2
P3 sgn(ξ)∞ 3− 3γde 1 0
1
2
P4
1
4
(
−10 + 9γde +
−ξ2+A
−4+3γde
)
1
4
(
−10 + ξ
2+A
4−3γde
+ 9γde
)
0 −1 + γde −1 +
3γde
2
P5 −4 + 3γde sgn(ξ)∞ 0 −1 + γde −1 +
3γde
2
Critical point P3 corresponds to a pure DM dominance
solution (Ωm = 1, weff = 0) and always exists. A strik-
ing aspect of this solution is its dynamical behavior: for a
non-null bulk viscosity on the radiation fluid, P2 behaves
as an unstable solution (see Table III). This means that it
is not possible to associate P3 with an intermediate stage
of matter domination in the evolution of the Universe.
The hyperbolic critical point P4 represents a scaling
solution between radiation and DE. In addition, it is a
stable solution for
• γde < 1 and 0 < ξ < 4− 3γde.
As Table IV shows, P4 is an accelerated solution if
− 1 + 3
2
γde < 0, (15)
recovering strictly dark energy domination if ξ ≪ 1.
Finally, P5 corresponds to a pure dark energy domi-
nation solution (Ωde = 1) and always exists. For a non
null bulk viscosity, this critical point represents a saddle
solution if
• γde < 1 and ξ > 0.
Just like the previous critical point, P5 represents an ac-
celerated solution if (15) is satisfied.
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FIG. 4. Vector field in plane (x, y) for the autonomous sys-
tem (8a)-(8b) with γ1 = 4/3 and γ2 = 1. The free param-
eters have been chosen as (ξ, γde)=(4.1, 0.01). In this case,
the radiation-dominated solution, P1 is the late time attrac-
tor of the system, representing a viscous phantom solution
(weff = −1.033). This latter time attractor solution restricts
the system to three critical points (P1, P3 and P5) and none
of them corresponds to a true early time RDE or MDE.
82. Cosmology evolution from critical points
To be in line with the complete cosmological dynamics,
it is necessary to associate an unstable critical point with
a RDE. In this model, we can identify two critical points
with an unstable behavior, namely P1 and P3. The first
one represents a true RDE with Ωr = 1 and weff = 0 for
ξ ≪ 1, while the latter represents a dark matter solution
Ωm = 1 and weff = 0. The fact that both solutions (P1
and P3) are unstable simultaneously, when γde < 1 and
0 ≤ ξ < 1, implies that we need to choose those initial
condition in the neighborhood of P1 to guarantee that the
RDE is the source of any orbits of cosmological impor-
tance in the phase space. Otherwise, it will be impossible
to obtain, in terms of P3, a successful description of the
early time evolution of the Universe. This analysis also
implies that those scenarios, under a proper selection of
the bulk viscosity parameter, in which P1 mimics a MDE
(ξ = 1) or a stable phantom solution (ξ > 4), are ruled
out due to the impossibility of correctly reproducing, in
a correct way, the dynamics of the early time Universe.
Figure 4 shows some example orbits in the phase space
to illustrate the situation in which P1 mimics a stable
phantom solution (late time attractor).
In addition to a RDE, we also need to associate a sad-
dle critical point with a MDE. The saddle nature of this
point guarantees that the cosmological solutions will re-
main for a lapse of time around it, before ultimately ap-
proaching a stable late time solution. The candidates in
this model are P2 and P3.
13 As we mentioned before, P3
always exhibits an unstable nature for a non-null value
of the bulk viscosity (ξ > 0). As a possible past attrac-
tor of the model, all the orbits that start at P3 describe
solutions where there is not a radiation-dominated era
preceding this point; thus, P3 is ruled out as a true MDE.
14 Only P2 is able to reproduce a true MDE. This criti-
cal point represents a scaling solution between radiation
and DM fluids and its existence is a direct consequence of
having considered bulk viscosity on the radiation fluid.
In order to recover a true MDE (Ωm = 1), the follow-
ing condition must be met: ξ ≪ 1. In addition, Tables
III and IV show that, despite it being a scaling solution
between radiation and DM, P2 is not able to mimic, at
background level, a true RDE, even if ξ ≈ 1 (Ωr ≈ 1),
since weff = 0.
Finally, the model has two more accelerated critical
points: P4 and P5.
15 In the first case, P4 represents a
stable scaling solution between radiation and dark en-
ergy fluids. As shown in Table IV, the presence of a bulk
viscosity on the radiation fluid does not induce a crossing
13 Recall that P1 is ruled out as a MDE even if ξ = 1 (weff = 0).
14 The presence of a RDE is necessary to describe process such as
the primordial nucleosynthesis.
15 Recall that P1 is able to mimics an stable phantom solution if
ξ > 4 but this possibility is discarded because the model is not
able to describe a RDE and MDE, as shown in Fig. 4.
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FIG. 5. Vector field in the plane (x, y) for the autonomous
system (8a)-(8b) with γ1 = 4/3 and γ2 = 1. The free param-
eters have been chosen as (ξ, γde)=(0.01, 0.01). In this case,
the radiation-DE scaling solution, P4, is the late time attrac-
tor of the system, representing an accelerated solution. The
transition from the RDE (P1) to P4 allows for the selection
of appropriate initial conditions to recover a true MDE (P2)
with weff ≃ 0 and q ≃ 1/2.
of the phantom divide in P4, and thus this crossing is only
possible if a phantom dark energy fluid is considered in
the model (γde < 0). On the other hand, P5 corresponds
to a pure dark-energy-domination period, and has saddle
behavior for a non-null value of the bulk viscosity. In this
model, a favorable scenario would be a transition from
P1 =⇒ P2 =⇒ P4: starting in a RDE at early times, then
entering into a MDE to finally evolve to a stable accel-
erated phase. This positive transition is represented in
Figure 5 through several orbits in the phase space of the
model. As we commented before, the existence of a RDE
and MDE, in terms of P1 and P4, respectively, demands
that ξ ≪ 1. This latter requirement also implies that the
phantom solution with a stable behavior (P1 with ξ > 4)
is not compatible with a well-behaved model from the
point of view of the complete cosmological dynamics.
IV. CONCLUSIONS
Late time evolutions of a dissipative fluid leading to
a universe with phantom behavior have been investi-
gated within different approaches, e.g., [42, 50, 51]. In
this work, our aim was to study the dynamics of a uni-
verse filled with radiation, dark matter, and dark en-
ergy, where bulk viscosity may be present in one of the
matter fluids, with emphasis on the viability of phantom
solutions. In the first studied model, the dissipation in
9the dark matter was characterized by the bulk viscos-
ity proportional to the dark matter energy density, i.e.,
ζ = ζ0
√
ρm/ρm0 [50]; whereas in the second model, the
dissipation in the radiation was described by the bulk vis-
cosity proportional to the radiation energy density, i.e.,
ζ = ζ0
√
ρr/ρr0 [50]. In both models, the study was re-
stricted to the cases in which ζ ≥ 0, a condition that
comes from the local second law of thermodynamics [54–
56].
Recall that in [51], only the case of bulk viscosity in
dark matter was studied. Furthermore, the ansatz on the
bulk viscosity now used [50] is different from that used
in [51]. Hence, the results obtained in our work are new
compared with those obtained in [51].
By making a dynamical system analysis of both pos-
sible scenarios and imposing the requirement that both
models must follow the so called complete cosmological
dynamics, we found that viscous phantom solutions with
a stable behavior are not allowed. This results from the
fact that it is not possible to recover a viable MDE in
the first model if the viscous phantom solution exists (P2
with ξ > 3) and, in the second model, the existence of
a stable viscous phantom solution (P1 with ξ > 4) does
not allow for the existence of a true RDE and MDE.
In other words, there is no smooth transition from a
radiation-dominated epoch to a matter-dominated phase
to an accelerated late time expansion dominated by dark
energy. For the purposes of illustration, we have shown
some numerical elaboration for several values of the free
parameters of the models (ξ, γde).
Additionally, it was shown that, in both models, it is
possible to accommodate complete cosmological dynam-
ics whenever ξ ≈ 0. It is noteworthy that these find-
ings corroborate the results obtained in [48, 49]. How-
ever, in this favorable scenario, the late time attractor
solution is characterized by weff = −1 + γde; there-
fore, the nature of this solution depends only on the na-
ture of the dark energy fluid, namely, if the dark energy
fluid is a quintessence (phantom) fluid 0 < γde < 2/3
(γde < 0), then the late time stable solution corresponds
to a quintessence (phantom) solution. If γde = 0, then
the de Sitter solution will be the late time attractor.
As we mentioned before, we have focused only on the
cases in which α = 1/2 [see Eq. (5)]. Thus, the question
of the viability of the phantom solutions in the Eckart ap-
proach, in terms of the complete cosmological dynamical,
for α 6= 1/2 is still an open problem. We hope to address
this more general and complex scenario in a forthcoming
paper.
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